In this paper we examine the commutativity of ideal extensions. We introduce methods of constructing such extensions, in particular we construct a noncommutative ring T which contains a central and idempotent ideal I such that T /I is a field. This answers a question from [2]. Moreover we classify fields of characteristic 0 which can be obtained as T /I for some T .
Introduction
All rings considered in this paper are associative but not necessarily with unity. Throughout the paper we will use the following definition of (ideal) extension Definition 1. Ideal extension of a given ring I by a given ring Q is a ring R, which contains a ideal I ′ isomorphic (as a ring) to I and such that R/I ′ ≃ Q.
Ideal extensions of rings were studied in many papers. In [1, 2] the problem of commutativity of an ideal extension was studied in the case when I = I 2 and both I and Q are commutative. It was proved there that for a given commutative I = I 2 , ideal extension of I by arbitrary commutative Q is commutative iff ann I (I) := {i ∈ I| iI = Ii = 0} = 0. In [2] it was also shown that if Q is a field which is algebraic over its prime subfield, then for arbitrary commutative I = I 2 , ideal extension of I by Q is commutative. The problem of description of all fields for which this property holds was left open. The main aim of this paper is to solve it. Let us state explicitly
The Idempotence problem. Describe fields K such that for any commutative ring I satisfying I = I 2 and any ideal extension R of I by K the ring R is commutative.
Note that if I = I
2 is an ideal of R and I is commutative then I is contained in the center Z(R) of R (we will shortly say that I is central in R). In this context it is natural to state The Centrality problem. Describe fields K such that for any ring R and central ideal I of R satisfying R/I ≃ K the ring R is commutative.
It turns out that the class of fields for the Centrality problem coincides with the class of fields for the Idempotence problem.
In the first section of the article we introduce derivations and prove the following result, which allows us to solve the Idempotence problem and the Centrality problem restricted to the fields of characteristic zero Theorem A. If K is a field of characteristic 0, then the following conditions are equivalent:
1. the transcendence degree of K over Q is greater than 1, 2. there exists two derivations from K to K whose kernels are incomparable with respect to inclusion, 3 . there exists a field L containing K and two derivations from K to L whose kernels are incomparable with respect to inclusion.
The characteristic zero assumption in Theorem A may be weakened -see Corollary 8. In the two further sections of the paper we provide two constructions of ideal extensions. The former of those allows us to solve the Centrality problem, but to solve the Idempotence problem we need to use also the latter construction. The former construction has applications not connected with the subject of this article; a basic example is given in the comments section.
Based on the constructions we prove the following main result of the paper Theorem B. For a given field K, the following conditions are equivalent 1. there exists a field L containing K and two derivations from K to L whose kernels are incomparable with respect to inclusion, 2. there exists a noncommutative ring R and its ideal I such that I is central in R, R/I ≃ K and
3. there exists a noncommutative ring R and its ideal I such that I is commutative as a ring, I = I 2 and R/I ≃ K.
4. there exists a noncommutative ring R and its ideal I such that I is central in R and R/I ≃ K.
Joining theorems A and B one obtains
Corollary 2. The class of fields for Idempotence problem coincides with the class of fields for Centrality problem and the class of fields K such that there exist a field L containing K and two derivations from K to L whose kernels are incomparable with respect to inclusion. When we restrict to the class of fields of characteristic zero then the above classes coincide with the class of fields having transcendence degree at most one over their prime subfields.
Derivations and their kernels
The structure of the derivations has many important connections with extensions. In this section we will develop the machinery used in the rest of the paper and prove Theorem A.
When dealing with bimodules we omit parentheses.
If ring R has a unity then a (R,
is a subring of R referred to as the kernel of d.
R → M are called incomparable if their kernels are incomparable with respect to inclusion, i.e., if there exist x 1 , x 2 ∈ R such that
Lemma 6. Let K be a field and
Proof. We already know that
is closed with respect to taking inverses, so it is a subfield.
Corollary 8. If K is a field which is algebraic over its prime subfield or K is of characteristic 0 and the transcendence degree of K over Q is smaller than 2, then for any field L containing K every two derivations from K to L are comparable.
Proof. The assumptions imply that every subfield of K is perfect, so for any derivation d : K → L the separability condition from proposition 7 is satisfied and we deduce that K d is algebraically closed in K. Since the transcendence degree of K over its prime field is at most 1, there are at most two algebraically closed (in K) subfields of K (the closure of the prime subfield and K itself) so any two derivations are comparable.
Theorem A. If K is a field of characteristic 0, then the following conditions are equivalent:
1. the transcendence degree of K over Q is greater than 1, 2. there exists two derivations from K to K whose kernels are incomparable with respect to inclusion, 3. there exists a field L containing K and two derivations from K to L whose kernels are incomparable with respect to inclusion, 
Construction 1
The following easy to check proposition contains a method of building a certain ring from a given ring, subring and two derivations.
Proposition 9. Let R be a ring, S be its subring and d 1 , d 2 : S → R be derivations with respect to the natural (S, S)-bimodule structure on R. Then 1.
is a subring of M 3 (R), Remark Let R be a ring and d : R → R be a derivation. It is known (e.g. [3] ) that
is a subring of M 2 (R) isomorphic to R; our construction is a generalization of this result.
Corollary 10. Let R be a ring, S be a central subring of R and
m is central in T (S, R) so T (S, R) is an extension of m by S such that m ⊆ Z(T (S, R)).
Proof. If
The fact the m is central is clear from the construction and centrality of S.
The second statement of the corollary motivates the following definitions, which are used for brevity and clarity Definition 11. Let R be an extension of I by Q. We will call it 1. ZC (central by commutative) iff I ⊆ Z(R) and Q is commutative,
NZC iff it is ZC and noncommutative.
Thus the thesis of 10 can be rephrased as "T (S, R) is a NZC of m by S".
Propositions 9,10 show that one can apply incomparable derivations to construct a NZC extension. The following proposition gives a partial converse.
Proposition 12. Let K be a field. Suppose that R is an NZC extension of I by K. Then there exist a unitary (K, K)-bimodule M , such that k · m = m · k for all k ∈ K, m ∈ M , and two incomparable derivations from K to M .
Proof. Let [R, R] be the commutator of R, i.e. the smallest ideal of R such that R/[R, R] is commutative. Put M = [R, R]. Since I is central in R, for every i ∈ I, x, y ∈ R we have ixy = (ix)y = yix = iyx, so i(xy − yx) = 0, thus I · M = 0. Similarly M · I = 0, so M has a (K, K)-bimodule structure induced from the (R, R)-bimodule structure.
In [2] Proposition 5.1.ii it was shown that the preimage in R of 1 ∈ K is contained in the center of R. It means that if r ∈ R belongs to this preimage then
where i = ar − a ∈ I because the images of a, ar in K coincide. Applying centrality of r once more we
For any t ∈ R the map ad t : R → R defined by ad t (u) := tu − ut is in fact a derivation of R to [R, R] = M . Since ad t (I) = 0 we can define the derivation from K to M byã d t (r + I) := ad t (r). Let x, y ∈ R be elements which do not commute, thenã
Construction 2
In this section we give a specific construction of an ideal extension of a ring I with ann I (I) = 0 by a given field. Together with the construction given in the previous section it allows us to solve Idempotence problem. Roughly speaking, we construct a nonzero homomorphism from a extension of m by a field K with very strong conditions on m to a extension of I such that ann I (I) = 0 by K. We will use this construction to produce a noncommutative extension of an ring I satisfying I 2 = I by a field K, but it can be applied to produce various other types of extensions by a field.
Definition 13. If Q is a ring and a ring I is an (Q, Q)-bimodule such that the following compatibility conditions are fulfilled
then R := I ⊕ Ab Q is a ring with respect to the multiplication defined by
If we identify I with ideal {(i, 0) | i ∈ I} of R and Q with {0} × Q ⊆ R then the obtained ring is an extension of I by Q. We call it the semidirect extension of (Q, Q)-bimodule I by Q.
Note that if R is a semidirect extension of I by Q such that I is central in R and Q ≃ R/I is commutative then directly from the definition of multiplication in R it follows that R is commutative. Proof. The epimorphism f : S ։ S/m ≃ K induces a (S, S)-bimodule structure on I, given by s · i = i · s = f (s) · i. This structure satisfies the compatibility conditions from 13, so we can build an extension R of I by S, which, as an abelian group, has the structure I ⊕ Ab S. Choose any a ∈ ann I (I). The quotient J ′ := m/m 2 , containing m = 0, is a K-algebra, so we have a left K-module epimorphism ψ ′ : J ′ ։ Ka such that ψ ′ (m) = a, which is also a left S-module epimorphism.
Then J is an ideal of R, by direct verification (checking the right side we make use of the centrality of m/m 2 ). Moreover J ∩ I = 0 and R/(I + J) ≃ S/((I + J) ∩ S) = S/m ≃ K so R/J is an extension of I by K.
We set T := R/J. The image of I is central in T because I was central in R, so T is a ZC extension of I by K. Let ϕ be the composition S → R ։ R/J = T . In T the image of m is equal to the image of 0 = −ψ(m) ∈ I, which is nonzero by I ∩ J = 0, so ϕ(m) = 0.
Proof of Theorem B
Before we can prove the theorem B we need one more ring example Definition 15. The set S = {x α | α ∈ (0, 1]} is a semigroup with respect to the multiplication defined by
The Zassenhaus algebra Z = KS is defined as the semigroup K-algebra of S. This algebra satisfies Z 2 = Z and has nonzero anihilator, equal to Kx 1 .
Proof. Let k be a field, G = x, y be the free group generated by two elements and R be the group algebra of the group G. Let R ab := R/(xy − yx) be the group algebra of the free abelian group. Let d 1 = Similarly, using more that one derivation, one obtains Corollary 18. Let k be a field and R be the group algebra k x, y of the free group x, y . The ideals I = (xy − yx), I 2 , I 3 , . . . of R are all distinct.
